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bdc'eoeo^duX
cpyfX
q
cpi q
·
¡vyoXtnskX:ueo^_¢lX0b_rl¤ ª X
kVyfg'¢lXeoTVXu0glWYkVb_XeoX:iVX:nfngpeoTVX
bdc'eoeo^duX
^_i.\mX:u#ef^hg8iJ¤ Zv¤
q «^_ivclbhb_rl¡MefTVXk 3/i/ / *1-#`Vivueo^_gli α : 2 !"+#,# →  ^_nV`v^hbhejyfglW γ ¤ &R^_¢lX:i C ⊆ "C¡ α ^dn q X 4vivX q cln:¡
α(C) = min
@
{
d ∈

: C ⊆ γ(d)
}
.
STVXWY^hiv^hW`VW Xwm^dn{enjX:u0cl`vnoXeoTvXabdc'esef^_u0Xagl B^dn}u0glWYkVb_XefXl¤}°Âi q X0X q ¡cliX C`V^_¢'cpb_X0iCe q X 4viV^heo^_gli­g8y
α(C)^_nefTVX¦^_i 4viV^heoXË¨WYX0X0ejgpclbhb q ^hyfX:ueo^_glivn6efTvc'e
C
nocpeo^dn 4X:n:¤
ÆÆ!ÌON!PQSRST
γ(∗) =
{
(µ, ν) |
  
*$    (µ)}
γ(∅) =
{
(µ, ν) |
 
(µ) = ∅
}
γ(i) =
{
(µ, ν) |
 
(µ) = {ν(
F
)}
}
γ(Ci) =
{
(µ, ν) |
(
∀p ∈
 #
(µ) : p < ν(
F
)
)
∧
%
 $    (µ)
}
γ(Bi) =
{
(µ, ν) |
(
∀p ∈
 #
(µ) : p > ν(
F
)
)
∧
%
 $    (µ)}
γ(e · e′) = γ(e) ∩ γ(e′)
γ(e q e′) =
{
(µ, ν) | ∃µe, µe′ : (µe, ν) ∈ γ(e) ∧ (µe′ , ν) ∈ γ(e
′) ∧
  
(µe) ∩
  
(µe′ ) = ∅
∧
(
∀p ∈
 #
(µ) : µ(p) = µe(p) ∨ µ(p) = µe′(p)
)}
γ(e / e′) =
{
(µ, ν) | ∃µe, µe′ : (µe, ν) ∈ γ(e) ∧ (µe′ , ν) ∈ γ(e
′)
∧
(
∀p ∈
 #
(µ) : µ(p) = µe(p) ∨ µ(p) = µe′(p)
)}
γ(e/) =
{
(µ, ν) | ∃µe : (µe, ν) ∈ γ(e) ∧
 #
(µ) =
 #
(µe)
}
SclVbhX
~v¥ 6glivu0yoX0eo^_£:c'ef^hg8i`Viu#eo^_glingly q ^_yfX:u#ef^hg8i-X0wmkVyoXtnono^_glivn
SgX:ivns`vyoX
α
cli q
γ
kVyfX:noX0yf¢lX}eoTVX
yfX0bdc'ef^h¢8XkvyoXtu^dns^_gli-g'¢lX0ynoXefnglu0gliViVXtu#ef^hg8ivncpi qq ^_yoXtu#ef^hg8ivn0¤ ª X/kVyog'¢8X}efTvc'e
α
cli q
γ
clyoXRWYgliVgleog8iV^_uRg'¢8X0y
@
¥
∀C ⊆
"
: C ⊆ C ′ =⇒ α(C) v α(C ′) ∀d ∈

: d v d′ =⇒ γ(d) ⊆ γ(d′)
¦{Ë¨
°Âi.c qVq ^heo^_gli¡MeoTVXRglb_b_g'^hiVX C`vcpeo^_gli-nfcËrmn6eoTvcpe
γ
^dncnfc'X/cpkvkVyogËwm^_WYcpeo^_glicli q eoTvcpe
γ
^dneoTVX/^_iM¢lX0ynoX}^_WYcllXRgp
α
¡
X0ins`Vyf^_iV=eoTvcpejiVgY^himg8yoWcpeo^_gli^_nb_g8nse q `Vyf^hiVu0glivu0yoX0eo^_£:c'ef^hg8i¯¥
∀C ⊆
  
: C ⊆ γ(α(C)) ∀d ∈

: d = α(γ(d))
¦Pl¨
xByfgMgp¯gp¬¦Pl¨¬u0cpiXgl`Vi q ^_i-\MX:ueo^_gli JR¤0m¤JSTVX}glb_bhg'^_iVayfX:no`Vbheno`VWYWcpyf^h£:X:nJefTVX:noX}kvyog8kX:ysef^hXtnB^_ieoTvX`Viv^(4vX q
WYg q X0b¯gl 6g8`vnsglejcpi q 6gl`vnogpe0§g8ykVyog8lycpW clivcpb_rmns^dn0¤
  ²M¶  ²   
	 k +/ / / *1-# $#Gb +-#S1" / *ML $/@*1-$# v] #G / *1-#?
α
$#Gb
γ
b "  # " &/cpb_gl^dnu0gliViVXtu#ef^hg8i v-7d /9?" &5/ /@*
+"
-Kv  " /@ -vg-$# # "\ / *1-#? /->/9?" &5/ / *
" -Kvgb$*[" / *1-# 
ª X
`vnsX/efTV^dnjyfX:no`Vbej^_ieoTVXcpkVkX0i q ^w-eogkVyfg'¢lX/kVyfglkX0yoeo^_X:nglefTVX q ^_yoXtu#ef^hg8i.clvnseoyclu#ef^hg8i ¦½Xl¤ v¤_¡cpb_lX:Vycp^du}kVyfglkV
X0yoeo^_X:n=glglkX0yc'efglynf¨¡¬cpi q eog kVyfg'¢lXeoTVX­clivcpb_rmns^dnYnocpXe{r ¦^P¤ Xl¤_¡6^heuglWYkV`VeoX:ncÈug8yoyfX:ueYclkVkVyfgËwm^hWc'ef^hg8i glyYXtcluT
ug8iCefcp^_iVX:ybdcËrlg8`me¨¤
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°Âikgl^_iCefns4efg8yfclkVTvn:¡TVXtcpk glmz{Xtu#efnRcpyfXayfX0kvyoXtnsX:i8efX q Mr 	t 2r\h=ivclW=X q cln
nHX
¥
X
¡eoTvX "! LiL/L h1W#¡,TVg8b q n
¢'cpyf^_clVb_X:n6eoTvcpejcpyfX3*[d ] & /#%"+-2] +&('=kgl^_iCeo^_iVYeog=efTVX/glmz{Xtu#efncpeeoTV^dnWYglWYX0iCeVcpi q
H
¡MeoTvX#/ hL
%$ h1W#¡myfX:u0gly q n6clbhb
¢'cpyf^_clVb_X:nefTvc'e"o"1 !?-$*.# /"\befg
eoTvXjglmz{Xtu#enBc'e6noglWYXkvc8n{e6XwmX:u0`meo^_gli¯¤|jWYg8iVTVXtcpkYiVg q X:n:¡C6X`VyoeoTvX0y q ^_nseo^_iVl`v^_noT
Xe{X0X0i "a lr/h-cli q h&`g` 	7'$ -r\h8¥cpi g8mz{X:ueaiVg q X-clvnseoyclu#enc 3*.#! &5" -/k;n " /acpi q Tclnac #%-#02"1d !%/ '
yfXX0yfX0iuX­nsX0e RcÈno`VWYWcpyfriVg q Xclvnseoyclu#enc !?--&-Kv -k*n " /@cpi q Tclncli "d !%/ ' yoX0X0yfX0ivu0XnsX0e:¤ mz{Xtu#ecli q
no`VWYWYclyoriVg q X:ncpyfX q ^_nseo^_iVl`v^_noTVX q MrkvyoX q ^_u:c'efX:n)(  %
cpi q+*-, a¡yfX:nokXtu#eo^_¢lX:bhr8¤°ÂiCeo`v^ef^h¢8X0b_rl¡g8mz{X:ueaiVg q Xtn
lX:X0k
kVyfX:u0^_noX^hiVglyfWYcpeo^_gliFclg8`meno^hiV8bhXglmz{Xtu#efn:¡eoTM`vn:¡X:ivcpvbhX 3 M^hb_b_^hiV 5 g8iFclnfns^_livW=X:iCefn/efgglmz{Xtu#e 4X0b q n0¤\m`VWYWYclyor
iVg q Xtn0¡,glieoTVX=gpefTVX0yRTvcpi q ¡,kVyog'¢M^ q XcWYX:uTvcliV^_noW!eog-lyfgl`Vkg8mz{X:uefn}eog8lXefTVX0yt¡TV^_uT^_nRiVXtuX:nfnfcpyfrefgWcp8XeoTvX
lycpkvT 4viV^heoX8¤¬| qVq ^heo^_glicpb§yfX0Wcpyfmnclg8`meeoTV^dnivclWY^hiVnfuTVX0WYX
cpyfXl¡
q STVXiVg q XivcpWY^_iVnfuTVX0WYXa`ns^_iVyfXX:yoX:ivuXanoXenjcln 4vyfnse^_iCeoyfg q `vuX q Mrj_:7P¤}STv^_n^_n`vnoX q efg q X0eoX0yfWY^hivX
eoTVXN"`\t"	 a/. 0$ gp¬TvX:cpkiVg q X:n:¥je{giVg q XtnclyoX"`\t"	 a1.Y^BefTVX0r­WcËr 3*[d ] &(/ $#%"+-7] 3& '­cpn{efyfc8u#e¦½iVglim
X0WYkme{rnsX0efn6gpf¨BTVX:clkglVz{X:u#et¤B\M^hiuXcliMr¢'cpyf^dcpVb_XjWcËrYiVgpens^_Wa`VbhefcliVX0g8`vnobhr=kg8^hiCe6eogaW`Vbheo^_kVbhXRTVXtcpkg8mz{X:uefn:¡
iVg q X:n
nHX
cpi q
nH
′
X′
^heoTcb* 2 "1" # /v`me -o"3&5!=!%*.#!­yoX0X0yfX0ivu0XnsX0efn¦½^4¤ Xl¤_¡
X 6= X ′ ∧X ∩X ′ 6= ∅
¨u0cli # -/
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Æ¯ÄÇ¸
n
x
∅n
x
∅
!  ! $ $
n
l,i,j
l,i,j
iqBiCj
−−−−→ n
x
∅ n
l,i,j
l,i,j
i/BiCj
−−−−→ n
x
∅
«^_l`VyfX/Zv¥ 6gliCecp^_iVX0yX q lX:ncli qq ^hyfX:ueo^_glib_clX:b_n
n
y
∅
n
x
∅
Ci
$ !
n
l,i
l,i
Ci
−→ n
x
∅
i / Bi
n
l,i
l,i
i/Bi
−−→ n
y
∅
«^h8`VyfX V¥ -­`Vbheo^_kVbhXaX q 8X:n
+*[d ] & /# "-2] 3& '-clvn{efyfc8u#ejTVXtcpk­g8mz{X:uefn:¤j°Âi­gpefTVX0y6g8y q n:¡VefTVX0r­clyoX
iVgleRu0glWYkvc'ef^hvbhX8¤°Âicno^hWY^_b_cly}cËrl¡
nHXcpi q
nH
′
X′
^efT
X = X ′ 6= ∅
cli q
H 6= H ′
cpyfX #%-$/}ug8W=kc'eo^_Vb_XaX:^efTVX0yt¤8$}g q X=u0glWYkvcpeo^_V^hb_^he{r.u:cpi^_WYkVyfg'¢lX
eoTVXjclivcpb_rmns^dn0®ËkVyfX:u0^_no^_gli=Xtu0cp`nsXX q lX:nefTvc'e¬u0gliVivX:u#eJ^_ivug8WYkvc'ef^hVb_XiVg q XtnJcpyfXnokV`Vyf^_gl`vnJcli q u:cpiYXyoX:W=g'¢8X q
yog8W eoTVX
8yfclkVT¯¤ ª X
^_iCeoyfg q `vuX/kVyfX q ^_u:c'eoX$! ¬efgug8W=kv`meoX
no`vuT.^himyfglWcpeo^_gli¯¥
! 
(nHX , n
H′
X′)
&'*)⇐⇒ (X = X ′ ∧ H = H ′) ∨ X ∩X ′ = ∅.
q j^dn{efglyfrnoXefn6Wcp8Xgl`Vy6iVg q XjivclW=^_iVanfuTVX:W=X q ^,X0yfX0iCe6yog8W*efTVX}g8yo^_l^_ivcpbvgliVXjkvyog8kgCnsX q ^_i _:§cpi q `VysefTVX0y
XwMeoX:i8ef^hg8ivnBkvyog8kgCnsX q ^_i _:m¡Mpm¡CZ2 ¤°Âi q X:X q ¡CTV^dn{efglyfr=noXen¬cpyfX`vnoX q efgauyfX:cpeoXjWYg8yoXjg8mz{X:ueYpns`VWYWcpyfriVg q Xtn0¡
kVyoXtnsX:yo¢M^_iV`vnoX`vbu0gliCeoX0wMe^_imglyfWc'eo^_gli¤/STv^_nR^dnRno^_W=^_bdcpyeoggpeoTvX0yRTVX0`Vyf^dn{ef^_u:n _:V¡§lm¡,Z7 ¡§TV^_uT yoXtnsg8ysenefg
cpb_bhgmu0cpeo^_glins^heoXtngly q cpefce{rMkXtneogcluTv^hX:¢lXeoTVXnfcpWYX/lgCcpbP¤
q STVX
kg8^hiCen{PeogYlycpkvT q Xtnou0yo^_X:nc !?23/@*./ *1-# -Kvgd:"d:-23' ¤¬°Âi½clue:¡mg8yjcpiMr8^h¢8X0iyo`vi8ef^hWYX/kVyfgl8yfclW kg8^hiCe:¡c
TVX:clkglmz{Xtu#e6u:cpig8iVbhr=Xcpn{efyfc8u#eoX q Mr -$#%"TVX:clkiVg q X^hiYefTVX8yfclkVT¯¤jg'X0¢lX:y:¡leoTVXiVg q XjivclWY^hiV=nouTvX0WYX
^_n 3/ -2" 2&5"3+#¡'WYX:cliV^hiv}efTvc'eJiVg q Xtn^_ickgl^_i8en{PeogRlycpkvT q g #%-/ q X:nfuyf^_Xc  "\b
kvcpyoeo^heo^_gligpvWYX0WYg8yorqY'nseog8yoX8¤
°ÂigleoTVX:y}gly q n:¡mTVXefTVX0yRcpi.glmz{Xtu#e}^dn}clvnseoyclu#efX q MrcYiVg q Xagly}cliVgpefTVX0y q X:kX:i q nglieoTvXkVyfgllycpW&kg8^hiCe:¤
STV^_nnseog8yoX0Pb_X:nfncpkVkvyogCcluT^dnjuyf^heo^du0cpb,g8yeoTVX
kvyoXtu^dnsXRTvcpi q bh^_iVglycpi q g8W&ug8iCefcp^_iVX:y`vk q cpeoXtn0¤
^U i ] ZdbKa-bY[Z Y 	 Y[b,Z[ac
a-Y le dc
ª X q X 4vivXckgl^_iCefns4efgYlycpkVT
G = (V, N, R, E, C)
clng8bhb_g'jn:¤
q V ^dnefTVXnsX0egp	!G-\!27dSo)23*1k &5"3#¤
q N ^dneoTVXnoXejgl, "+! # -Lb="3#¤
q R ⊆ V × {o ∈ N | (  %
 (o)} ^dn/efTVX-noXegl u\	7  	a .rG\h8¤-° eaTvglb q n q ^_yfX:u#efX q X q lX:ngpeoTVXglyfW Q −→ o ¡^hi q ^_u:c'eo^_iV=eoTc'ej¢'cpyf^_clVb_X Q d ] 3/6kgl^_iCeeog=eoTvX:+*.#"!$& "g8mz{X:ueclvnseoyclu#efX q Cr -k*n " /iVg q X
o
¤
q E ⊆ N×   ×N ^dneoTVXjnoXe6gp/. r8rG\h8¤° eBTvglb q nJbdcpX0b_X qYq ^_yoXtu#eoX q X q 8X:ngp,efTVXglyfW.¡ o −→ o′ ¡l^_i q ^du0c'ef^hiveoTvcpe" & bNEgpJcpiglmz{Xtu#ejcpvnseoyclueoX q Mr
o
d:$'!?-$*.# // -Ycli.glmz{Xtu#ejcpvnseoyclueoX q Mr
o′
¤
q C ⊆ N ×  × N ^dn
efTVXnoXegp1
	/Lrfhl¤-° eTVglb q n
bdcpX0b_X q q ^_yoXtu#efX q X q 8X:n
gl6efTVXg8yoW.¡ l d−→ o ¡^hi q ^_u:c'eo^_iV-eoTvcpe"5o"3'ugliviVX:ueo^_gliÈX0e{6X:X0i c-u0gliCefcl^hiVX:y
cpvnseoyclueoX q Mr
l
cli q cpiÈglmz{Xtu#ecpvnseoyclueoX q Mr
onocpeo^dn 4vXtn
d
¤
$jgleoXeoTc'e:¡8X q 8X:n^_i
R
cpi q
E
yoX:kVyfX:noX0iCekvTCrmno^_u:cpbmkgl^_iCeoX0yn:¡pTVX0yfX:c8n
C
g8iVbhr=cpvnseoycluefnb_gll^du0clbmugliviVX:ueo^_glivnX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e{X0X0iugliCecp^_iVX0yn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^_l`vyoX6Zcpi q 8^h¢8X¬X0wmclWYkVbhXtngpvug8iCefcp^_iVX:ybdcËrlg8`mefncpi q eoTVXug8yoyfX:nokg8i q ^_iV
ug8iCefcp^_iVX:yX q lXtn0¤ 
Sg-yfXÂc qVq yoXtnon}eoTVXivg q XYu0glWYkvcpeo^_V^hb_^he{rcpi q eoTvXkvcpyoeo^heo^_gli kVyog8kX:yse{r8¡«^h8`VyfX 1l^_¢lXtne{6gXwVcpWYkVb_X:n/TvX0yfX .
cpi q WcËr.kg8^hiCe/eogefTVXnoclW=Xbhgmu:c'eo^_gli gly/iVgle:¤STvXae{g-TvX:cpk b_cËr8gl`mennfc'ef^_nsr­efTVXYkvcpyoeo^heo^_gli kVyog8kX:yse{r,¥jX:^efTVX0y
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o
d
−→ nHX ∈ C ∧
Q
∈ X : C ′ ← C ′ \ {o
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Q
−→ n
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  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ml¥xgl^_iCefns4efg=clivcpb_rmns^dn6gly*q,qI70-, P  H O/Q ,/HGI OM Ia¦½WYcl^hi­nseoX:kvnf¨
  0$  (*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$$
-­gCn{e C`VX:nseo^_glinyoX:b_cpeoX q ^heoT­n{ec'ef^_u/kVyfglkX0yoeo^_X:nglkgl^_iCeoX0ynWcËrXnoglb_¢lX q `ns^_iVYkg8^hiCen{PeogYlycpkvTvn0¤
ª XRg'¢8X0yfbhgCc q ivgpefcpeo^_gli
−→
eog q X:iVgpefX/eoTVX tq""[h 
 . 	  ^ensX:b¦½c8nglkVkg8noX q eogkgl^_iCefns4efg=8yfclkVTX q lXtnf¨¥
∀o, o′ ∈ N : o −→ o′ &('*)⇐⇒
(
∃
E
∈    : o −→ o′ ∈ E) ∨ (∃d ∈  : o d−→ o′ ∈ C)
∀
Q
∈ V, o ∈ N :
Q
−→ o &('*)⇐⇒ Q −→ o ∈ R.
STVX/efyfclivns^heo^_¢lX/ub_g8no`VyfX/gpefTVX
kgl^_i8en{PeogYyfX0bdc'ef^hg8i-^dn q X0ivgpeoX q Cr
−→+
¥
∀o, o′ ∈ N : o −→+ o′ &('*)⇐⇒ ∃o1, . . . ok ∈ N : o −→ o1 ∧ o1 −→ o2 ∧ · · · ∧ ok −→ o′
∀
Q
∈ V, o ∈ N :
Q
−→+ o &('*)⇐⇒ ∃o1, . . . ok ∈ N :
Q
−→ o1 ∧ o1 −→ o2 ∧ · · · ∧ ok −→ o.
STVXg8bhb_g'^_iVX C`vcpeo^_gli q Xtu^ q X:n6TVXefTVX0y¬e{6g
¢'clyo^dcpVb_X:n¬cpyfX` 	5$ 	 . 	Whh¦^P¤ X8¤h¡Mkg8nfns^_Vb_X}cpb_^dclnoX:n¨3l^he6^dn q X 4viVX q g'¢lX:y
V × V
¥
)
	   	 ( Q ,  ) &('*)⇐⇒ ( Q =  ) ∨ (∃o ∈ N : Q −→ o ∧  −→ o).
ÄÅÆ¯ÄÇ¸
°Âi noglWYX=u0clnoX:n:¡,yoX0X0yfX0ivu0XanoXefnR^_ig8mz{X:ueiVg q XtnWcËr.TVX:bhkÈuglWYkV`Veo^_iVj`)&LhL i	 . 	Wh1\h8¡no^_ivuXYc¢'cpyf^dcpVb_X Q gl`vlTCe}efg
yfXX0yjnoglWYX/glVz{X:u#ejclvn{efyfc8u#efX q Cr-civg q X
nHX
clnnogCg8ic8n Q
∈ X
¥
 , 	    	 ( Q ,  ) &('*)⇐⇒ (∀nHX ∈ N : { Q ,  } ⊂ X ∨ { Q ,  } ∩X = ∅
)
.
 	"2	a/. /$­^dneoTVX
yfX J X0wm^h¢8X/cli q eoycpivno^ef^h¢8X
ub_g8no`VyoXRgpeoTvX
kg8^hiCefnsPeog=yoX:b_cpeo^_gli¯¡m^hej^_n q X 4vivX q g'¢lX0y
(V ∪N)×N
¥
 "
(o, o′) &'*)= o = o′ ∨ o −→+ o′.
eG/LW Mu1 /$ ^dn q X 4viVX q g'¢8X0y
(V ∪ N) × (V ∪ N)
¤ ª Xefcp8X­u0cpyfX.gp
iVgleuglins^ q X0yf^_iV kvc'efTvnTV^duT eoycË¢lX0ynoX
^_ivug8W=kc'eo^_Vb_X/iVg q X:n:¥
" 
(o1, o
′
1)
&('*)⇐⇒ o1 = o′1
∨
(
∃o2, . . . , ok, o
′
2, . . . , o
′
k′ ∈ N : ok = ok′ ∧ o1 −→ o2 ∧ · · · ∧ ok−1 −→ ok ∧ o
′
1 −→ o
′
2 ∧ · · · ∧ o
′
k′−1 −→ ok′
∧
(
∀1 ≤ i < k, 1 ≤ i′ < k′ :
$
(oi, o
′
i′)
))
.
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^dn q ^_yoXtu#eob_r-u:cpkmef`VyfX q ^efTV^_ikgl^_iCefns4efgX q 8X:n:¡mV`me q X:u^ q ^_iVug8WaVivX:nfngpJc
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u0gliCefcl^hiVX:y^_njW=g8yoX/efX:uTViv^_u:cpb¬¦4nsX:X«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wVcpWYkVb_Xt¨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| ug8iCefcp^_iVX:y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ej¦yfX:nok¯¤pns`vW=WclyorV¨iVg q X
l
clvnseoyclu#encX+-2dXku0gliCefcl^hivX0y¦yfX:nok¯¤pug8iCefcp^_iVX:yfn¨¯^he{6g q ^dn{ef^hivueBiVg q X:n
c'eoefc8uTVX q efg
l
WcËrivgpe¬Xu0gliViVXtu#efX q ¡C^¯XtcluTYiVg q XRc'esecluTVX q eog
l
^_n¬kg8^hiCeoX q Mr=cauglWX q 8Xl¡Ccpi q ^hcpb_bvg8`meo8gl^_iV
X q lX:ngliVg q Xtn"++?/k & "
yfglW
l
clyoX/cpbdnogYu0glW¯¥
 ,   "#! (l) &'*)⇐⇒ ¬(∃o, o′ ∈ N, d ∈  :   (l, o) ∧ o d−→ o′ ∈ C ∧ ¬ "#! (d))
∧ ¬
(
∃o, o′ ∈ N, d, d′ ∈

: l
d
−→ o ∈ C ∧ l
d′
−→ o′ ∈ C ∧
  $
(o, o′) ∧ ¬
  
(d, d′)
)
.
S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  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¤J| X:cllX:y q X 4iV^ef^hg8i^dn6clb_nog
`vnoX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	 ./. 9"`ga/h h
cpi q u0glivno^ q X0yn 4vyfnsebhX:¢lX:b§kg8^hiCeoX:yfng8iVb_r¥
*      ! (l) &('*)⇐⇒ ¬(∃o ∈ N, d ∈  : l d−→ o ∈ C ∧ ¬ ! (d)).
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¤
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^dcpb_bhrTvX0i 3@J c'esefX0iV^_iV 5=q ^_yoXtu#eo^_glin0¤\Cef^hb_b4¡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^dc'efX q ^efT
ug8WYW=g8i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^_iVeoTvX¬iM`VWaX0ygpViVg q Xtn¯¢M^dc
k
 bh^_WY^ef^hiV}gli¢'cpyf^dcpVb_XBnsX0efn_:7C^dn¯g8iVX¬glCefTVX:noXl¤JiVXBWcËr/cpbdnsgju0glivno^ q X0yclkVkVyfgËwm^hWc'efX
no^hWYkVb_^(4u0c'ef^hg8iyf`VbhXtn§g8y q ^_yfX:u#ef^hg8ivn:¡tX:^efTVX0yvc8nsX q gli
k
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n{ecpi q cpy q u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u0glWYkVb_X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WYX0iCefnj^_n^_i q X:X q uyf^ef^_u:cpb,g8y q X:nseoyf`vu#ef^h¢8X/`Vk q c'eo^_iVYgpyfX:u`vyfno^h¢8XRnseoyf`vueo`VyfX:n:¥^eX0icpVb_X:nM^_bhb_^hivgli.clnfns^_liVWYX:i8engp
ÆÆ!ÌON!PQSRST
eoTvX
glyfW Q ( E % cpi q gli P , M ,/0-,TJK
g8y#"V0uJLKu:cpb_b_n:¤ J`meRclnfns`VWY^_iVYeoTc'eje{rMkX q ug8iCefcp^_iVX:yfnclyoX/`vnoX q ¡glivX
WYcËr
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cpi q g8kmeo^_WY^h£tc'eo^_gli¤
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Çegl`megp,eoTv^_n6kVyfX:noX0iCefcpeo^_gliX:u0cl`vnoXj^ec8nBgl¯bh^hesefbhX`vnsX^hiYefTVX/ugliCefXwMe
gp¬e{rCkX q ugliCecp^_iVX0y/n{efyo`u#eo`vyoXtn0¡,clnfns`vW=^_iVeoTvcpeRyfX:u0`Vyfno^_¢lX
kgl^_i8efX0y q X:yoX0X0yfX0ivu0X^hb_bX=Wa`uTbhXtnon}yfX C`VX0iCet¤/S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^dn # -/6eoTVXu:clnoXRglV^_ivclyorg8kX:yfcpeog8y
/
¤
q X0WYX0WX:y · cpi q q clyoX/efTVXWYX0X0eRcli q z{gl^_i­glkX0yc'efglyn^hi Â¤jSTVX:yoX0glyfXl¡vu0glivno^ q X0yf^hiV b v a ¡ a · b ≡ b cpi q
a q b ≡ a
¤J°Âi.kvcpyoeo^du`Vbdcpyt¡
·
cpi q
q
clyoXR^ q X0WYkgleoX:i8et¤
q | X:cp8X0yBkvyog8kX:yse{r=TVglb q nBglyV^hicpyfrg8kX:yfcpeogly
/
¤° ensefcpeoXtnJeoTc'e6`vivcpyfrYglkX0yc'eog8y
/
^dn6X C`V^_¢ËclbhX:iCe¬eog^heoX:yfcpeoX q
cpkVkVb_^du0c'ef^hg8igl^hefnv^hivclyoru0gl`ViCefX0yfkvcpyoe:¤
∀d ∈

:
⋃
n≥1
d / d / · · · / d
︸ ︷︷ ︸
n
≡ d/.
¦:8¨
q Ru0u`vyoyfX0ivu0X:n6gp
q
u0cli-X
yoX:kVbdcluX q Mr
/
`vi q X0y`vivcpyfrglkX0yc'efgly
/
¥
∀a, b ∈

: (a q b)/ ≡ (a / b)/.
¦ 1C¨
q 6glWaviVX:nfnkVyog8kvcpCc'efX:n¬eoTVyfgl`V8T-g8kX:yfcpeog8y · ¥
∀a, b, c ∈

:
"#! 
(a) =⇒ a · (b / c) ≡ a · (b q c).
¦ p¨
|}ncyoXtns`Vbhe:¡
d
^_ncYug8Wa q ^hyfX:ueo^_gli^cpi q glivbhr^h^eju0cli-X/XwmkVyfX:nfnsX q ^heoTVg8`mejglkX0yc'efgly
/
¦iVX:^efTVX0yV^_ivclyor
iVgly`Vivcpyfr/¢lX:yfno^hg8ivn¨#¤|}i^_i q `vueo^_¢lXcpkVkVb_^du0c'ef^hg8igp¦ p¨l^_¢lXtnc& *.#%"+232/@*[d>" $& !=-23*./.deog/uTVXtu/cliMr q ^hyfX:ueo^_gli
XwmkVyfX:nfns^_gliglyjug8WaVivX:nfn0¤
STVX.g8`Vyg8kX:yfcpeoglynYgli q ^_yfX:u#ef^hg8ivnTvcË¢8X q ^dn{efyo^_V`mef^h¢8Xcpi q kvclysef^_clb q ^dn{efyo^_V`mef^h¢8X­kVyfglkX0yoeo^_X:n¦½kVyogMgl½n^hi\mX:u#
eo^_gliJR¤ ~8¨#¤
a · (b q c) ≡ (a · b) q (a · c) a q (b · c) ≡ (a q b) · (a q c)
a · (b / c) ≡ (a · b) / (a · c) a / (b · c) ≡ (a / b) · (a / c)
a q (b / c) v (a q b) / (a q c) a / (b q c) ≡ (a / b) q (a / c)
(a · b)/ ≡ a/ · b/ (a / b)/ ≡ a/ / b/
 ^_nseoyf^hv`meo^_¢M^e{r kVyog8kX:ysef^hXtngp
·
cli q
q
¦yfX:nok¯¤
/
¨cpyfX­ns^_WY^hbdcpyefg eoTVgCnsX.g8ybhg8l^du0clbglkX0yc'eog8yfn:¥eoTVXb_cpeseo^duX­gl
q ^_yoXtu#ef^hg8ivnY^_nc8u#ef`vcpb_bhr q ^_nseoyf^hv`meo^_¢lX8¤ -glyfX0g'¢lX:y:¡j¦:18¨YnsefcpeoX:n=efTvc'e
(a q b)/
u:cpi X­no^hWYkVb_^(4X q ^hiCefg
(a / b)/
¤ «Vg8y
^_W=kvbhX:W=X:iCefc'ef^hg8icpi q eoTVX:glyfXef^_u:cpbvkv`Vyokg8noX:n:¡8eoTV^dn¬WcËrYb_X:c q efgefTVX q X 4viV^heo^_gligp #%-2d:$&v -7d}gly q ^_yoXtu#eo^_glin0¤ ª X
^_bhb¯g8iVb_r`vnoXefTVX
X:cp8X0y 3KJ c'eoeoX0iv^hiV 5 yfX:no`Vbhe:¡mTVg'X0¢8X0yt¤
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  ²M¶  ²   	 # ' b*[" /@*1-$#
d
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 X0e
`vn/X0i q eoTv^_nnoX:ueo^_gli ^efT q ^_nseoyf^hv`meo^_¢M^e{rkvyog8kX:ysef^hXtn}g8y
α
cpi q
γ
¤*Jr q X 4viV^heo^_gli¯¡
γ
^_n q ^dnseoyf^hV`Veo^_¢lXYg'¢lX:y
eoTvX
W=X:Xejg8kX:yfcpeoglyglX:c8uT-bdc'eoeo^duX8¤ -­gliVgleog8iV^_u0^e{rg8iVb_rrM^hX:b q n}ckcpyoeo^dcpb§yfX:no`Vbeg8y
α
¥
∀d, d′ ∈

: γ(d · d′) = γ(d) ∩ γ(d′)
∀C, C ′ ⊆
"
: α(C ∩ C ′) v α(C) · α(C ′).
6gliM¢8X0ynsX:bhr8¡
α
^_n q ^_nseoyf^_V`meo^_¢lX6g'¢lX:y,eoTVXz{gl^_iglkX0yc'efgly§gpVXtcluT/bdc'esef^_u0X¦eoTV^dn^dn¯kvyog'¢8X0i/^hi=\MX:ueo^_gli%JR¤ 8¨#¤<-­gliVgleog8iV^_u0^e{r
glivbhrrM^_X0b q ncYkvclysef^_clbyfX:no`Vbhegly
γ
¥
∀C, C ′ ⊆
  
: α(C ∪ C ′) ≡ α(C) q α(C ′)
∀d, d′ ∈

: γ(d q d′) ⊇ γ(d) ∪ γ(d′)
  SR$¯B  	-/  %'$
S6gno^hWYkVb_X
kVyfglkX0yoeo^_X:ngp
γ
cpyfX`nsX q ^_ieoTVX
kvyogMgp½n:¤
¬²    3# /. " b "  #0*./@*1-$#? -v
γ(e q e′)
#Gb
γ(e / e′) 
-# "_d>'  - - "
µe
$#Gb
µ′e
x,*./.b$*pn -*.# /Xb -2d:$*.#?
x,*./9?-7] /&5/ -Kv! " #%"& *./ ' 
¬²    ;v
(µ, ν)
k+" &5-#"! /-
γ(e)
$#Gb
µ/P
* /. "g"33/ 3*
 / *1-# -Kv
µ
/-> " /
P
-Kv! -)3*./ *1-#? 5! -)+3*
k &('"1d !%/ ' 
/9?" #
(µ/P , ν)
&  - k+" & -#!$ / -
γ(e)

 UW XY   Z^]`cCcfegZ\h XY  de l b,c6Y[Z
ª X 4vyn{eyoX:¢C^_X0 u0glWaviVX:nfnkVyfglkX0yoeo^_X:n:¤­|jb_b6kvyo^_WY^ef^h¢8X q ^_yoXtu#ef^hg8ivnaclvn{efyfc8u#eg8iVbhr ug8iViVXtu#eo^_glin
(µ, ν)
TVX:yoX
µ
^_n
^_i'z{X:ueo^_¢lX 
γ(d · d′)
TVglb q nRgliVb_r­^_i'z{X:ueo^_¢lX=WYclkVkV^_iV8n
µ
^cpi q gliVb_r^h
γ(d)
cpi q YËg8y
γ(d′)
q gv¤aSTvX q ^_n½z{gl^_iCeRycpiV8X
ug8i q ^heo^_gli ^hi
γ(d q d′)
X0ivno`VyfX:n=efTvc'e^heTVglb q nY^_i'z{X:ueo^_¢lX­WcpkvkV^hiv8n
µ
TVX0i gpeoT
γ(d)
cli q
γ(d′)
q gv¡cpi q eoTvX
ug8i q ^heo^_gli^_n}cpbdnsg=iVX:u0X:nfnoclyor8¤
|jn{efyfc8u#e}^_iCeoX0yfkVyfXec'eo^_gliclbhb_g'jn`vn}eog-l^_¢lXac q ^_yoXtu#e q X 4viV^heo^_gli gp   cpi q  	
  #¤}° eR^_nX:c8nsr-eoguTVX:u
eoTc'eeoTvX/glb_bhg'^_iV=X C`vc'ef^hg8ivncpyfXRX C`V^_¢ËclbhX:iCeeog=eoTVX
^_i q `u#eo^_¢lX q X 4viV^heo^_gli.^_i\MX:ueo^_gli.~V¤_l¤
  
(d, d′) ⇐⇒ ∀(µ, ν) ∈ γ(d), (µ′, ν) ∈ γ(d′) :
 #
(µ) ⊂
 #
(µ′) ∨
 #
(µ′) ⊂
 
(µ)
 	
 
(d, d′) ⇐⇒ ∀(µ, ν) ∈ γ(d), (µ′, ν) ∈ γ(d′) :
 #
(µ) ∩
 
(µ′) = ∅.
STVX:i¯¡v^he}^dnX:c8nsreognoX0X/eoTc'e   
(d, d′)
^_n}X C`V^_¢'cpb_X0iCeeog
d q d′ @ i
glynsg8W=X
^heoX:yfcpeog8yFC¡cpi q  	
 
(d, d′)^dnX C`V^_¢ËclbhX:iCeeog
d · d′ ≡ ∅
¤
X:W=X:WaX0yefTvc'eu0gl^_ivu^ q X:i8e q ^_yfX:u#ef^hg8ivncpn{efyfc8u#ejug8iViVX:ueo^_glivnjTVg8noX q glWcp^_i^_nX:^efTVX0y}X0WYkme{rg8yjcns^_iV8bhX0eogli¤
STV^dn¬^dn^hWYkVb_^_X q Mr 
 X:WYWYc~V¥
µ
cpi q
µ′
^efTX:W=kVe{r=g8yno^_iVlb_Xefgli q g8Wcp^_ivn¬clyoX}eoTVXRgliVb_rYM^hi q gp¯WcpkvkV^hivaTV^duT
nfc'eo^dnsreoTVX q X 4viV^heo^_gli.gl   '¤
 U Vb  b  _ eHabKY[Z\c
q ©C`V^h¢'clbhX:ivuX/gp ∗ cpi q Ci q i q Bi ¤
γ(Ci q i q Bi) =
{
(µ, ν) ∈
"
| ∃µ1, µ2, µ3 :
  
*$    (µ1) ∧
  
*$    (µ3)
∧
(
∀p ∈
 
(µ) : µ(p) ∈ {µ1(p), µ2(p), µ3(p)}
)
∧
(
∀p ∈
 
(µ1) : p < ν(
F
)
)
∧
 
(µ2) = {ν(
F
)}
∧
(
∀p ∈
 
(µ3) : p > ν(
F
)
)
∧
  
(µ1) ∩
  
(µ2) = ∅
∧
  
(µ2) ∩
  
(µ3) = ∅
∧
  
(µ1) ∩
  
(µ3) = ∅
}
.
ÄÅÆ¯ÄÇ¸
STC`n0¡8eoTVXeoTvyoX:XWcpkvkV^hiv8n
µ1, µ2, µ3
cpyfXjyfX C`V^_yoX q eog=TvcË¢lX q ^_n½z{gl^_iCe q g8Wcp^_ivn0¡CefgaX^_i'z{X:ueo^_¢lX8¡Mcli q efgaTvcË¢8X
q ^_n½z{gl^_iCeyfcliVlXtn0¤STV^dn^_nXC`V^h¢'clbhX:i8eefg
µ
X0^_iVY^hipz{X:u#ef^h¢8X
^ensX:b{¥
γ(Ci q i q Bi) =
{
(µ, ν) ∈
"
:
%
 $    (µ)}.
q ° eoX0yc'efX q cpkVkvbh^du0cpeo^_gliglg8kX:yfcpeog8y
/
¤ 
 X0e
(µ, ν) ∈ γ(d/)
¤
∃µ′ :
 
(µ′) =
 
(µ) ∧ (µ′, ν) ∈ γ(d).
STVX0yfXg8yoX8¡MclkVkVb_rM^hiV 
 X0WYWc=~v¡
∀p ∈
 
(µ), ∃µp : µ(p) = µp(p) ∧ (µp, ν) ∈ γ(d).
cpb_bh^_iV
n
efTVXu0cly q ^_ivclbgl #
(µ)
¡
∃(µk)1≤k≤n :
(
∀p ∈
 #
(µ), ∃1 ≤ k ≤ n : µ(p) = µk(p)
)
∧
(
∀1 ≤ k ≤ n : (µk , ν) ∈ γ(d)
)
,
TVX0ivu0X
(µ, ν) ∈ γ
(
⋃
n≥1 d / d / · · · / d︸ ︷︷ ︸
n
)
.
STVX/yfX:u^_kVyfgmu0cpb,^dnjnseoycp^_lTCesg8yocpy q ¤
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 X0e
a
¡
b
cli q
c
XcpiMr q ^_yoXtu#ef^hg8ivn0¤ ª X84vyn{ejkVyfg'¢lXeoTc'e
a · (b / c) ≡ (a · b) / (a · c)
¤
(µ, ν) ∈ γ(a · (b / c)) ⇐⇒ ∃µb, µc :
(
∀p ∈
 
(µ) : µ(p) ∈ {µb(p), µc(p)}
)
∧ (µ, ν) ∈ γ(a) ∧ (µb, ν) ∈ γ(b) ∧ (µc, ν) ∈ γ(c)
⇐⇒
(
∃µb, µc :
(
∀p ∈
 #
(µ) : µ(p) ∈ {µb(p), µc(p)}
)
∧ (µb, ν) ∈ γ(a) ∩ γ(b) ∧ (µc, ν) ∈ γ(a) ∩ γ(c)
⇐⇒ (µ, ν) ∈ γ((a · b) / (a · c)).
ª X
kVyog'¢8XjefTvc'e
a / (b · c) ≡ (a / b) · (a / c)
¤ 
 Xe
(µ, ν) ∈ γ(a / (b · c))
¤¬STVX0yfX
cpyfXWclkVkV^_iV8n
µa
cpi q
µbc
no`vuT
eoTc'e
(
∀p ∈
 #
(µ) : µ(p) ∈ {µa(p), µbc(p)
)
∧ (µa, ν) ∈ γ(a) ∧ (µbc ∈ γ(b) ∩ γ(c)).
-clkVkV^_iV8n
µa
cpi q
µbc
nfc'eo^dnsrgleoT­ug8i q ^heo^_glivngl
a / b
cpi q
a / c
¡MefTM`vn
(µ, ν) ∈ γ((a / b) · (a / c))
¤ 6gliM¢lX:yfnoX0b_rl¡M^h
(µ, ν) ∈ γ((a / b) · (a / c))
¡meoTVX:yoX
clyoX/WcpkVkv^hiVCn
µab
¡
µac
¡
µb
¡vcpi q
µc
no`vuT-eoTvcpe
(
∀p ∈
 
(µ) : µ(p) ∈ {µab(p), µb(p)} ∧ µ(p) ∈ {µac(p), µc(p)}
)
∧ (µa, ν) ∈ γ(a) ∧ (µ
′
a, ν) ∈ γ(a
′) ∧ (µb ∈ γ(b)) ∧ (µc ∈ γ(c)).
ª X/u:cpiV`V^_b q
µa
ns`vuT-eoTc'e
µa(p) = µab(p)
TVX0i
µ(p) = µab(p)
cpi q
µa(p) = µac(p)
TVX:i
µ(p) = µac(p)
¡Vcpi q
XefTVX0i.yfX0kVbdclu0X/gleoT
µab
cli q
µac
^_i-efTVX/kVyfX0¢M^hg8`vnyfX:no`Vbet¥
(
∀p ∈
 
(µ) : µ(p) ∈ {µa(p), µb(p)} ∧ µ(p) ∈ {µa(p), µc(p)}
)
∧ (µa, ν) ∈ γ(a) ∧ (µb ∈ γ(b)) ∧ (µc ∈ γ(c)).
$jg'
¡lTVX0i
µ(p)
q ^  X:yfnyfglW
µa(p)
¡l^heBTvclnJeog/X}X C`vcpbMefg/gleoT
µb(p)
cli q
µc(p)
¤ ª XWcËr
efTC`nJV`V^_b q cRWcpkVkv^hiV
µbc
no`vuT-eoTvcpe
(
∀p ∈
 #
(µ) : µ(p) ∈ {µa(p), µbc(p)}
)
∧ (µa, ν) ∈ γ(a) ∧ (µbc ∈ γ(b) ∩ γ(c)),
TVX:ivuX
(µ, ν) ∈ γ(a / (b · c))
¤
xByfgMgp½ng8yW`meo`vclb q ^_nseoyf^hv`meo^_¢M^e{r Xe{X0X0i
·
cpi q
q
clyoXb_^_lX0^dnoXl¥ eoTVX q ^ z{g8^hiCeyfcliVlXtnug8i q ^heo^_gli q gMXtniVgle
^_i8efX0yoX0yfX/^efT-efTVX/glyfWYX0yyfX:clnogliv^hiV¤
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ª X
kVyog'¢8XReoTvcpe
a q (b / c) v (a q b) / (a q c)
¤ 
 X0e
(µ, ν) ∈ γ(a q (b / c))
¤STVX0yfXcpyfX/WYclkVkV^_iV8n
µa
cli q
µb
cli q
µc
no`vuT-eoTvcpe
(
∀p ∈
 
(µ) : µ(p) ∈ {µa(p), µb(p), µc(p)}
)
∧ (µa, ν) ∈ γ(a) ∧ (µb, ν) ∈ γ(b) ∧ (µc, ν) ∈ γ(c)
∧
  
(µa) ∩ (
  
(µb) ∪
  
(µc)) = ∅.
\M^_ivuX   
(µa) ∩ (
  
(µb) ∪
  
(µc)) = (
  
(µa) ∩
  
(µb)) ∪ (
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